In this paper, the averaging principle for quasi-geostrophic motions with rapidly oscillating forcing is proved, both on nite but large time intervals and on the entire time axis. This includes comparison estimate, stability estimate, and convergence result between quasi-geostrophic motions and its averaged motions. Furthermore, the existence of almost periodic quasi-geostrophic motions and attractor convergence are also investigated.
Introduction
The quasi-geostrophic(QG) equation models large scale geophysical ows. It is derived as an approximation of the rotating Navier-Stokes equations by an asymptotic expansion in a small Rossby number. The barotropic QG equation is written in terms of stream function (x; y; t) ( ? r4 + f(x; y; t); (1.1) where > 0 the meridional gradient of the Coriolis parameter, > 0 the viscous dissipation constant, r > 0 the Ekman dissipation constant, f(x; y; t) the wind forcing, and J(f; g) = f x g y ? f y g x is the Jacobian operator. Equation (1.1) can be rewritten in terms of the relative vorticity !(x; y; t) = 4 (x; y; t) as ! t + J( ; !) + x = 4! ? r! + f(x; y; t):
For an arbitrary bounded planar domain D with su ciently regular (such as, piecewise smooth) boundary @D this equation can be supplemented by homogenous Dirichlet boundary conditions for both and !, namely, the no-penetration and slip boundary conditions proposed by Pedlosky 2] , p. 34: (x; y; t) = 0; !(x; y; t) = 0; on @D; (1.3) together with an appropriate initial condition, !(x; y; 0) = ! 0 (x; y); in D: ( 
1.4)
The global well-posedness (i.e., existence and uniqueness of smooth solution) of the dissipative model (1.2)-(1.4) can be obtained similarly as in, for example, 3], 4], 5]; see also 6]. Steady wind forcing has been used in numerical simulations ( 7] ). Brannan et al 8] considered the e ect of quasi-geostrophic dynamics under random forcing. Duan et al 9] and 10] obtained the existence of time periodic, time almost periodic quasi-geostrophic response of time periodic and time almost periodic wind forcing respectively.
In this paper, we assume that the right-hand side or the forcing term of the QG ow model (1.1) is rapidly oscillating, i.e., it has the form f(x; y; t) = f(x; y; t) 4 = f( t), with parameter 1: We also assume that f has a time average. With such forcing, it is desirable to understand the uid dynamics in some averaged sense, and compare the averaged ows with the original unaveraged ows. The main result of this paper is the averaging principle for quasi-geostrophic motions with rapidly oscillating forcing, both on nite but large time intervals and on the entire time axis. This includes comparison estimate, stability estimate, and convergence result (as ! 1) between quasi-geostrophic motions and its averaged motions. We also investigate the existence of almost periodic quasi-geostrophic motions under almost periodic forcing, and the convergence of the attractor of the non-autonomous equation (1.1) to the attractor of the averaged autonomous equation as ! 1.
In x2, we study the averaging principle for the QG ow model on nite but large time intervals and in x3, we extend the averaging principle to the entire time axis. In the rest of this section, we brie y review some background and provide some preliminaries for later use.
Starting from the fundamental work of Bogolyubov 11] We now turn to the averaging principle for the QG ow model.
Averaging Principle on Finite Time Intervals
In this section, we consider the averaging principle for the QG ow model on nite (but large) time intervals. In the next section, we extend the result to the entire time axis. We assume that the right-hand side or the forcing term of the QG ow model (1.1) or (1.2) is rapidly oscillating, i.e., it has the form f(x; y; t) = f(x; y; t) = f( t), with parameter 1: Let 1 be a large dimensionless parameter. Setting = t; = ?1 ;
we obtain the equation in the so-called standard form ! + A! + J(4 ?1 !; !) = f(x; y; t):
We assume that f has a time average in D(A ); the value of will be speci ed later on.
More precisely, let f( ); f 0 2 A and suppose that
where M > 0; (T ) ! 0; as T ! 1.
We consider the averaged equation We thus have proved the proximity of solutions of (2.1) and (2. 3 Averaging Principle on the Entire Time Axis
Now we turn to averaging principle for the QG ows on the entire time axis. Consider ! + A! + J(4 ?1 !; !) = f(x; y; t):
All the hypotheses concerning the data of the problem are the same as those in x2; in particular, the average f 0 (x; y) exists in the sense of (2.2).
We rst consider stationary averaged QG ows:
A! 0 + J(4 ?1 ! 0 ; ! 0 ) = f 0 :
Note that this is not the stationary QG ow model, but the time-independent version of the averaged QG ow model. Under the condition of (1.15) and using Leray-Schauder xed point theorem and elliptic regularity ( 20] ), we know the stationary averaged QG ow model (3.2) has a unique stationary solution. Note that this unique stationary solution is denoted as ! 0 (x; y) and it is not to be confused with an initial datum for the time-dependent QG ow model.
We change the dependent variable (from ! to z) in equation (3.1) The uniqueness will be proved in a more general context in Lemma 3.2. below. Now we prove (3.5). Integrating by parts and using (2.2) We have thus shown that L has a discrete spectrum. Let the stationary solution ! 0 be such that Re(L) 6 = 0 (which depends on the choice of f 0 ). In other words, we suppose 
(3.10)
We continue to study equation ( This theorem gives stability estimate of stationary averaged QG ows; stability conclusion of unsteady QG ows near the stationary averaged QG ow; comparison estimate between unsteady QG ows; and the existence of almost time periodic QG motions under almost time periodic wind forcing, on the entire time axis.
Combining this theorem and earlier discussion in (1.15) and (1.16), we have This theorem claims that the uniform attractor of the full quasi-geostrophic ow model approaches to the attractor of the averaged quasi-geostrophic ow model, as the parameter in the oscillating forcing ! 1.
Summary
In this paper, we have discussed averaging principle for quasi-geostrophic motions under rapidly oscillating forcing (characterizied by a large dimensionless parameter ), both on nite but large time intervals and on the entire time axis. We have derived comparison estimate, stability estimate and proved convergence result (as ! 1 ) between quasigeostrophic motions and its averaged motions. We also investigated the existence of almost periodic quasi-geostrophic motions under almost periodic forcing, and the convergence of the attractor of the quasi-geostrophic ow model to the attractor of the averaged quasi-geostrophic ow model as ! 1.
